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Cn ' Abstract. We study properly discontinuous and cocompact actions of a discrete sub- 

group r of an algebraic group G on a contractible algebraic manifold X. We suppose 
that this action conies from an algebraic action of G on X such that a maximal reductive 
subgroup of G fixes a point. When the semisimple rank of G is at most one or the dimen- 
sion of X is at most three, we show that F is virtually polycyclic. When T is virtually 
polycyclic, we show that the action reduces to a NIL-affine crystallographic action. As 
applications, we prove that the generalized Auslander conjecture for NIL-afHne actions 
holds up to dimension six and give a new proof of the fact that every virtually polycyclic 
group admits a NIL-affine crystallographic action. 
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1. Introduction 



^ ■ The study of crystallographic groups and actions already has a long history. The orig- 

ON ! inal concept was that of the Euclidean crystallographic groups. These are discrete and 

cocompact subgroups of the group of isometries of a Euclidean space. The crystallographic 
CN ' groups are then exactly those groups acting properly discontinuously, cocompactly and 

(~>^ . isometrically on a Euclidean space. These groups are well understood by the three Bieber- 

O \ bach theorems derived almost a century ago (see [5], [6]). The first Bieberbach theorem 

describes the algebraic structure of such crystallographic groups and implies that all of 
them are virtually abelian. The torsion-free crystallographic groups, called Bieberbach 
groups, are exactly the fundamental groups of the compact flat Riemannian manifolds. 
r> \ About half a century later, L. Auslander in his fundamental paper [3] generalized the 

c^ \ first two Bieberbach theorems to the class of almost crystallographic groups. These are 

subgroups of Isom(A^), the group of isometries of a 1-connected nilpotent Lie group N 
equipped with a left-invariant Riemannian metric, acting properly discontinuously and 
cocompactly on A^. The generalization of the first theorem implies that any almost crystal- 
lographic subgroup is virtually nilpotent. The torsion- free almost crystallographic groups 
are then the fundamental groups of the almost flat manifolds in the sense of Gromov (see 
[22], [30j). Although this is of no influence to the sequel of our paper, we note that the 
generalization of the second Bieberbach theorem in [^ is not correct. See [^ for the right 
generalization. 
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Around the same time and in connection with the study of affine manifolds, one also 
started to deal with affine crystallographic groups. These are subgroups of Aff(M"), the 
group of invertible affine motions of a Euclidean n-space, acting properly discontinuously 
and cocompactly on M". For this class of affine crystallographic groups, an analogue of 
the first Bieberbach theorem has not yet been proven. In fact, two main problems, which 
are more or less converses of each other, have been dominating much of the research in 
this field. The first problem is a question posed by J. Milnor in 1977 (see [27]), who 
asked whether or not it was true that any torsion-free polycyclic-by-finite group could be 
realized as an affine crystallographic group. On the other hand, there is a conjecture due 
to L. Auslander (see [Ij) stating that any affine crystallographic group is polycyclic-by- 
finite. In fact L. Auslander formulated this as a theorem, but it has been shown that his 
proof contains a gap and since then it is referred to as Auslander's conjecture. It is clear 
that a positive answer to both Milnor 's question and Auslander's conjecture, could be 
interpreted as a first Bieberbach theorem for affine crystallographic groups (giving a clear 
description of their algebraic structure). Unfortunately, the answer to Milnor's question 
is negative, even for nilpotent groups, as was shown by Y. Benoist in [8]. Moreover, the 
Auslander conjecture is still open and is only known to hold up to dimension 6. (In fact, 
up to our knowledge, a full proof has only been given up to dimension 3 (see [21j) and a 
positive result up to dimension 6 has been announced in [I]). 

Inspired by the negative answer to Milnor's question, one has been looking for other 
possible generalizations for which the analogue of Milnor's question has a positive an- 
swer. The first positive result in this direction was given in [18]. It was shown that any 
polycyclic-by-finite group admits a properly discontinuous and cocompact action on some 
M" where the action is given by polynomial maps of bounded degree. So, although not all 
torsion-free polycyclic-by-finite groups can be realized as an affine crystallographic group, 
they can be realized as a polynomial crystallographic group. 

To introduce yet another generalization, we again consider a 1-connected nilpotent 
Lie group N, and define the affine group of A^ to be the group Aff(A^) = A^ x Aut(A^) 
acting on A^ by {m, h) ■ n = mh{n), for all m,n & N and all h G Aut(A^). A subgroup 
r C Aff(A^) acting properly discontinuously and cocompactly on A^ is called a NIL-affine 
crystallographic group. For A^ = M", this immediately reduces to the ordinary case of 
affine crystallographic groups. It has been shown in |J/7j and independently in [7] that any 
torsion free polycyclic-by-finite group can also be realized as a NIL-affine crystallographic 
group, so also in this situation the analogue of Milnor's question has a positive answer. 

On the other hand, for all of these possible generalizations one can also study a gen- 
eralized version of Auslander's conjecture. Some results in this direction for polynomial 
and NIL-affine actions can be found in [THl US] 

However, up till now, all approaches to the Auslander conjecture and its generalizations 
have been dealing with the specific situation (affine, polynomial or NIL-affine). In this 
paper we introduce a unified approach to all known generalizations of the concept of a 
crystallographic group and start the study of the generalized version of the Auslander 
conjecture in this most general setting. 
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The general setting is obtained by replacing R" or the 1-connected nilpotent Lie group 
A^ (i.e. the space on which the crystallographic groups are acting) by a contractible real 
algebraic manifold X and by considering subgroups T C G, or slightly more general 
representations p : F — )■ G, where G is a real algebraic group acting algebraically on X. 

Definition 1.1. Let G be a real algebraic group acting algebraically on a contractible real 
algebraic manifold X. A representation p : F — )■ G letting F act properly discontinuously 
and cocompactly on X is an algebraic crystallographic action. The image p(F) is said to 
be an algebraic crystallographic group. 

In case there is no confusion possible, we will just talk about crystallographic actions 
and crystallographic groups. 

In the examples above, the groups Isom(M"'), Isom(A^), Aff(M"') and Aff(A^) are indeed 
algebraic groups acting algebraically on R" (or N which is isomorphic to R" as an algebraic 
manifold). Also, in the case of crystallographic groups of polynomial actions of bounded 
degree, the action factorizes through the action of a real algebraic group, as it is explained 
in [9]. It follows that all types of crystallographic groups considered thus far are also 
algebraic crystallographic groups. 

In all of the above types of crystallographic groups, a key observation is that a maximal 
reductive subgroup of the algebraic closure of F has a fixed point. This leads us to the 
following generalization of Auslander's conjecture. 

Question 1: If a maximal reductive subgroup of G fixes a point of X and F acts 
crystallographically on X via a representation p : F — )■ G, is F virtually polycyclic? 

Note that a positive answer to this question would provide a full geometric characteri- 
zation of the class of polycyclic-by-finite groups. Indeed, we already know that any such 
group admits an algebraic crystallographic action (e.g. a NIL-affine crystallographic), and 
a positive answer would imply that these are the only groups admitting a crystallographic 
action with the extra condition that a maximal reductive subgroup of G has fixed point. 

Using results of Section 2, we can equivalently ask a more specific: 

Question 2: Let F be Zariski dense in a connected algebraic group G. Let R be the 
radical, U be the unipotent radical, and if be a maximal reductive subgroup of G. 
Let V he a. closed subgroup of U normalized by H. Define a left action of G on the 
homogeneous space U jV of left cosets by 

wh ■ [u] = [whuh^-^], Wu,w G U,yh E H. 

If F n i? = {e} and the action of F on U /V is crystallographic, is F trivial? 

Inspired by the works of Soifer and Tomanov on the groups of generalized Lorentz 
motions (see [32], [33]), we derive the following theorem, which can be seen as a first 
positive indication for the general Auslander conjecture. 

Theorem 1.2. Let F be a subgroup of an algebraic group G. Let G = UH where U is the 
unipotent radical and H is a. maximal reductive subgroup. Suppose G acts algebraically 
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on a contractible algebraic manifold X such that there exists xq & X with Hxq = xq. 
Suppose r acts crystallographically on X. 

(a) If G has semisimple rank at most one, then F is virtually polycyclic. 

(b) If r is a virtually polycyclic, Zariski dense subgroup of G, then X is G-equivariantly 
isomorphic to U with the G-action given by 

wh ■ u = whuh~^, Vm, w E U,yh E H. 

The second part of the theorem may be interpreted by deducing that every such action 
must necessarily be NIL-affine crystallographic and in this sense rigid (see Remark 13. 2p . 
For an arbitrary polycyclic group F, we construct a crystallographic action on a con- 
tractible algebraic manifold and use this rigidity to conclude that F admits a NIL-affine 
crystallographic action (see Theorem 13. 3p . 

As another application, we implement the theory in the case of NIL-affine crystallo- 
graphic actions and prove that the generalized Auslander conjecture remains valid up to 
dimension six. 

Theorem 1.3. Let F be a NIL-affine crystallographic group of a 1-connected nilpotent 
Lie group A^. If the semisimple rank of the algebraic closure of F does not exceed one, 
then F is virtually polycyclic and A^ is isomorphic to the unipotent radical of the algebraic 
closure of F. 

Theorem 1.4. Suppose F is a NIL-affine crystallographic group of a 1-connected nilpotent 
Lie group A^ of dimension at most six. Then F is virtually polycyclic and A^ is isomorphic 
to the unipotent radical of the algebraic closure of F. 

At last, we show that groups admitting properly discontinuous actions on a contractible 
algebraic manifold of dimension at most three such that a maximal reductive subgroup 
of the algebraic closure G fixes a point are virtually polycyclic in all cases except when G 
acts by Lorentz transformations. For examples and a survey of such actions, we refer the 
reader to Uni, EDI, and 



Theorem 1.5. Let F be a finitely generated Zariski dense subgroup of a connected alge- 
braic group G. Let if be a maximal reductive subgroup of G. Suppose G acts algebraically 
on a contractible algebraic manifold X such that there exists xq E X with Hxq = xq- 
Suppose F acts properly discontinuously on X. 

(a) If dim(X) = 2, then F is virtually polycyclic. 

(b) If dim(X) = 3 and F is not virtually polycyclic, then F is virtually free, X is G- 
equivariantly isomorphic to M^, where G acts by Lorentz transformations on M^. 

2. Crystallographic Actions 

In this section, we derive the necessary lemmas for our main results. We say that 
X is an algebraic manifold if it is a nonsingular real affine variety (see [10], [31]). By 
an isomorphism of algebraic manifolds, we mean an isomorphism (biregular map) of the 
affine varieties. We say that an algebraic group G acts algebraically on X if the action 
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map G X X — )■ X is a morphism of algebraic varieties. By an algebraic group, we will 
always mean a real algebraic group, which in turn will be the set of real points of a linear 
algebraic group. 

In general setting, F will be a subgroup of a real linear algebraic group G that acts 
algebraically on a contractible algebraic manifold X such that the restriction of the action 
to r is properly discontinuous and cocompact. As already stated in Definition 11.11 we 
will call such an action by F crystallographic. 

Note that, since G acts continuously and F acts properly discontinuously on X, F 
must necessarily be discrete in G. Of course, the notions "properly discontinuous" and 
"discrete" refer to the usual topology and not to the Zariski topology. 

The first few lemmas we present contain some small but indispensable results related 
to properly discontinuous and cocompact actions. 

Lemma 2.1. Suppose G is a group acting on a locally compact Hausdorff space X. Let 
vr : X — ;■ X/G denote the natural quotient map. Then, for any closed compact subset 
K C X/G, there exists a compact set K' C X such that 7r{K') = K. 

Proof. Let S be the preimage of K. Since K is closed, S is also closed. For each x E S, 
let Ux be a neighborhood of a; in X such that U ^ is compact. As {U^ | x G 5} covers S*, 
{T^iUx) I X G 5} is an open cover of K. So, we can find a finite subcover {niUxi) \ Xi G 
S,i & 1} of K. Let K' = [j^^j U^^ H S. Then K' is a closed subset of a compact set and 
it is therefore compact. Clearly, tt{K') = K. D 

Lemma 2.2. Let F be a group acting properly discontinuously and cocompactly on a 
connected locally compact Hausdorff space X. Then F is finitely generated. 

Proof. By Lemma |2TT| we can find a compact subset C of X such that FC = X. Let U be 
open subset containing G such that U is compact. Then, the set ^ = {7 G F | •yllnU 7^ 0} 
is finite. We claim that F = {<^). 

Let A = (^) and set A = IJ7eA^^ ^^^ ^ ~ U7er\AT^- Since A and B are open 
and v4 U 5 = X, it follows that either A fl 5 7^ or S = 0. If 5 7^ 0, then there exists 
7' G F \ A for which 7'f/ n A 7^ 0. Hence, there exists 7 G A such that 7'f/ fl 7?/ 7^ 0. 
This implies 7~^7'f/ fl f/ 7^ 0, showing that 7^^7' G A. But then 7' G A, which is a 
contradiction. Thus, 5 = and F = A. D 

The following is a well-known fact on aspherical manifolds (see 8.1 of [12]). 

Lemma 2.3. Let F be a group acting freely and properly discontinuously on an n- 
dimensional, contractible topological manifold M without boundary. Then cd{T) < n 
with equality if and only if M/T is compact. 

In our study of algebraic actions, we will often deal with actions of unipotent groups 
and their homogeneous spaces. In the next lemma, we collect some basic results in this 
context. 

Lemma 2.4. Suppose f/ is a connected, unipotent group. 
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(a) If V^ is a closed, connected subgroup of U, then U/V is an algebraic manifold isomor- 
phic to M*' where k = dim(f/) — dim(^). 

(b) Suppose U acts algebraically on an algebraic manifold X. Then for each x G X, 
the orbit Ux is Zariski closed in X. Also, the isotropy group Ux of x is connected 
subgroup of U. 

(c) With the assumptions of part (b), for each x G X, Ux is isomorphic to M'^ where 
k = dim{U)-dim{Ux). 

Proof. Let {Xi, . . . ,X„} be a weak Mal'cev basis of the Lie algebra u through the sub- 
algebra D where U = exp(u) and V = exp(t)). Then the map (p : M.^ ^ U/V given 
by 

(ti, . . . , 4) H- exp(tiX„_A:+i) . . . exp(tfcX„) ■ V 

is an isomorphism of algebraic manifolds (see Theorem 1.2.12 and proceeding Remark 1 
of [15|). This proves (a). 

The fact that the orbit Ux is a Zariski closed in X is standard. For the second part of 
(b), we let u &Ux and note that the one parameter subgroup m* is the minimal algebraic 
subgroup containing u. Therefore, u^ < U^, proving that U^ is connected. 

Part (c) follows directly from (a) and (b). D 

The next lemma is a generalization of a result first observed by Margulis on afiine 
crystallographic actions (see Prop.l of 



Lemma 2.5. Let F be a subgroup of an algebraic group G. Let G = UH where U is 
the unipotent radical and if is a reductive subgroup. Suppose G acts algebraically on a 
contractible algebraic manifold X such that there exists Xq G X with Hxq = Xq. If F acts 
crystallographically on X, then U acts transitively on X. 

Proof. Since F acts crystallographically, by Lemma 12.21 it is finitely generated. By Sel- 
berg's Lemma, we can find a torsion-free subgroup F' of finite index in F. By Lemma [231 
cd(F') = dim(X), implying vcd(F) = dim(X). 

On the other hand, Uxq = Gxq is F- invariant. By Lemma 12. 4[ it is a closed and 
contractible submanifold of X. This implies vcd(F) < dim([/xo), resulting in dim.{Uxo) = 
dim(X) and hence Uxq = X. D 

In our study of algebraic crystallographic groups, we will often be able to reduce the 
situation, by first studying the radical of the algebraic group G. With this in mind, next 
we will derive a few necessary results in case G is solvable. 

Lemma 2.6. Let Fi be a Zariski dense, solvable subgroup of an algebraic group Gi. Let 
Gi = UiHi where Ui is the unipotent radical and Hi is a reductive subgroup. Then, 
there exists a compact subset K G Ui such that Gi = TiKHi. 

Proof. Since Gi has a finite number of connected components, we can assume it is con- 
nected. As a general fact, the commutator subgroup [Fi,Fi] is Zariski dense in [G'i,G'i] 
(see p.59 of [llj). Let G^ = [Gi,Gi] andjs = Gs n Fi. Then [Fi,Fi] < F2. So, F2 is 
Zariski dense in G2. Let Gi = G1/G2 and Fi = F1/F2. Since G2 is unipotent, we can find 
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a compact subset K2 such that G2 = ^2K2 (see 2.3 of |29]). Since Gi is abehan, there 
is a natural epimorphism ip : Gi -^ Ui onto the unipotent radical Ui. It follows that 
the image 'ipiTi) is Zariski dense inside f/i (see p. 57 of [H]). So, there exists a compact 
subset Ki in ?7i such that f/i = '?/'(ri)i^i. This shows that Gi = TiKiHi where Hi is the 
maximal reductive subgroup of Gi. 

Let Gi = UiHi where Ui is the unipotent radical and Hi is a reductive subgroup. 
Denote by : Gi — ?■ Gi the natural quotient homomorphism and note that 0(f/i) = Ui 
and 4>{Hi) = Hi. Let Ki be a compact subset of Ui such that 4>{Ki) = Ki. Then, we 
have Gi = T1G2K1H1 = T1K2K1H1 and K2K1 C Ui. This finishes the proof. D 

Lemma 2.7. Let Fi be a Zariski dense, solvable subgroup of an algebraic group Gi. 
Suppose Gi acts algebraically on a contractible algebraic manifold X such that there 
exists Xo G X with HiXq = Xq and suppose the restriction of the action to Fi is properly 
discontinuous. Then, Fi acts crystallographically on the orbit space GiXq and Ui acts 
freely and transitively on GiXq. 

Proof. The fact that Fi acts crystallographically follows directly from 12.61 Transitivity of 
the action of Ui is clear. Next, we show that this action is also free, i.e. Ui acts freely on 

UiXq. 

In fact, it is enough to show that for each nontrivial m G f/i, uxq 7^ Xq. Suppose 
otherwise, that an element u in Ui fixes Xq. By Lemma 12. 6[ we have that for each 
integer i, m* = 7iCj/ij where 7, G Fi, Cj G K, and hi G Hi. Then, u^Xq = ■jiCiXQ. 
Suppose the set £/ = {7j | i G Z} is finite. Then, there exists a infinite subsequence 
{u*j} such that u*-' = ICi^hi^ where 7 G s^ , Ci. G K, and hi. G Hi. Let 7 = 7^7/1 
where 7^, G f/i and ^h & Hi. Since m'^ = 'yulhCi^lh^lhhi^, it follows that 7/j/ij^, = 1 for 
all j. Then -u^^ = 'julhCij'Jh'^ , showing that the set {m*j | j G Z} is contained in the 
compact set {7u}i^'*''', which is clearly a contradiction. Hence, ^ is infinite. Now, we 
have Xq = u^xq = 'jiCiXo for all i. This implies that the set 

{7 G Fi I Kxo n -fKxo ^ 0} 

is infinite, which is again a contradiction. D 

Lemma 2.8. Let Fi be a finitely generated Zariski dense subgroup of a connected solvable 
algebraic group Gi = UiHi. Suppose Gi is a normal subgroup of an algebraic group G 
and assume G acts algebraically and transitively on an algebraic manifold X such that 
there exists xq G X with HiXq = xq. Suppose further that the restriction of the action 
to Fi is properly discontinuous. Then there exists a connected Lie subgroup L of Gi 
such that Fi is a cocompact lattice in L, the commutator subgroup [(71,(71] is in L, and 
Lx = GiX for all x G X. 

Proof. This is a direct generalization of Tomanov's argument in the proof of (a) of Propo- 
sition 1.4 in [33]. We present it here for the reader's convenience. 

As before, let G2 = [Gi,Gi] and F2 = Fi fl G2. Then F2 is Zariski dense in G2. Since 
(j2 is unipotent, F2 is a cocompact lattice. Let A = F1/F2 and T = G1/G2. Then A is a 
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finitely generated, Zariski dense subgroup of tlie abelian group T. Using one-parameter 
subgroups, we can easily construct a connected Lie subgroup A oi T such that A is a 
cocompact lattice in A. Now, we let L be the preimage of A under the epimorphism of 
Gi onto T. Clearly, [Gi, Gi] < L and Fi is a cocompact lattice in L. 

For a given x G X, there exists a maximal reductive subgroup of Gi that fixes it, which 
implies Gix = Uix. We claim that Lx = Uix. To see this, it suffices to show that the 
standard projection from Gi onto Ui (mapping uihi to ui for ui G Ui and hi G Hi) 
remains onto when restricted to L. By taking quotients with G2, we can reduced to the 
abelian case where T maps onto its unipotent radical V. Since A is Zariski dense in T, 
so is its image in V. Thus, A maps onto V and this finishes the claim. D 



The following lemma provides us with the main tool to use an induction approach for 
the study of algebraic crystallographic actions. 

Lemma 2.9. Suppose F is a Zariski dense subgroup of an algebraic group G. Let Fi 
be a solvable normal subgroup of F and let Gi be the algebraic closure of Fi. Let Ui be 
the unipotent radical and Hi be a maximal reductive subgroup of Gi. Suppose G acts 
algebraically on a contractible algebraic manifold X such that there exists Xq E X with 
Hxq = Xq where H is a maximal reductive subgroup of G containing Hi. Suppose F acts 
crystallographically on X. Then, 

(a) GiXq is Gi-equivariantly isomorphic, as an algebraic manifold, to a quotient of Ui by 
a closed connected subgroup with Gi-action analogous to ([T]). 

(b) X = X/Gi is G-equivariantly isomorphic, as an algebraic manifold, to a quotient of 
f/ by a closed connected subgroup where G acts as in ([T]). 

(c) The group F = F/Fi is a crystallographic group of motions of X. 

Proof. For part (a). Lemma 12.41 shows that GiXq is isomorphic to a quotient of Ui by 
a closed connected subgroup. The fact that this isomorphism can be chosen to be Gi- 
equivariant will be evident from the proof of part (b). 

To prove (b), we note that, by Lemma [2751 X = Uxq. The action of G on X is transitive. 
It is not difficult to see that the isotropy group G^q at the point xq = GiXq of X is VH 
where V = U H Gxq- We define a left action of G on the homogeneous space of left cosets 
U/Vhj 

(1) wh ■ [u] = [whuh-^], yu,w eU,yhe H. 

Then, we have a G-equivariant isomorphism of algebraic manifolds 

X = UH/VH = U/V. 

Here, the second isomorphism is defined by [uh] \-^ [u], for all m G t/, /i G H. This proves 
part (b). 
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For (c), let i^ be a compact subset of X. Let K' be a compact subset of X mapped 
onto K by the projection of X onto X. Let us consider the sets 

^={^ef\^Kr]Ky^(ls}, 
^ ={7 G r I -fK' n GiK' ^ 0}. 

Let : r — 7- r be the quotient map. It is not difficult to see that (f){^) = SS. Let 
fi = GO p Y^. Since G\K' = dK', Lemma ED implies that dK' = VtCK' for some 
compact subset C of Gi. We define 

^ ={7 G r I -iCK' n CK' ^ 0}. 

By our choice of the compact set C it follows that ^ C TiS^. Since F acts properly 
discontinuously on X, ^ is a finite set. It follows that ^ C 0(Fi^) = 0(^) and therefore, 
<^ is also finite. This proves that F acts properly discontinuously on X. 

To show that F acts cocompactly, we note that X/F = X /T where F acts through the 
quotient F/Fi. As X/F is an image of the compact set X/F, it is clearly compact. D 

For the proof of our main theorem on the generalized Auslander conjecture, by means of 
the previous lemma, we will be able to assume that the crystallographic group F intersects 
trivially with the radical R oi G and consequently that it embeds as a discrete subgroup 
in G/R. We will therefore shift our attention to actions of semisimple and more generally 
of reductive algebraic groups. The last part of this section is devoted to the necessary 
results in this direction. 

Lemma 2.10. Suppose G is a connected Lie group. Let R be the radical of G and let S 
be the semisimple group G/R. Suppose F is a discrete subgroup of G. Set F = T/R fl F. 
Then F acts properly discontinuously on the symmetric space X5 of 5*. 

Proof. Since F is discrete subgroup of G, by Corollary 5.4 in j^j, it follows that F is a 
discrete subgroup of S. Let C be an arbitrary compact subset of X5. Let C be a compact 
subset of S such that 7r(G') = C where vr : S* — )■ X^ is the quotient map. Let K he a. 
maximal compact subgroup of S and consider the sets 

^={7Gf |7GnG^0}, 

^ ={7 G f I ^C'K n CK ^ 0}. 

Since F is discrete, it acts properly discontinuously on S. Therefore, S' = ^ is finite. D 

Lemma 2.11. Let u be a nilpotent real Lie algebra and let D be a subalgebra of u that 
does not contain any non-zero ideal of u. Assume that if G Aut(u) is such that (^9(0) = 
and denote by ip the induced linear map on u/t). If the restriction ip\„ oi ip to t> is not 
unipotent, then ip is also not unipotent. 

Proof. Let us consider the complex Lie algebra Uc = u(g)C and its subalgebra Dc = ® C. 
It is obvious that Oc also does not contain any non-zero ideal of Uc- It follows that it is 
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enough to prove the lemma in case of complex Lie algebras instead of real Lie algebras. 
Therefore, in what follows, we will drop the subscripts C from our notation and assume 
that u and D are Lie algebras over C 

Let A = {ip E Aut(u) I ■?/'(t)) = t)}, then A is an algebraic subgroup of Aut(u). It follows 
that for every i/j E A, its semisimple part ips and its unipotent part ipu are in A. Now, for 
the given ip we can also consider ips and it is obvious that 99|d is not unipotent if and only 
if the restriction ips\„ of ips to D is not unipotent. Moreover, the induced map of ip on u/o 
is unipotent if and only if the induced map of ips on ^/^ is trivial. So, it suffices to show 
that there is no semisimple automorphism ip G Aut(u), with ip\„ non-trivial and ip trivial. 

We will prove this by contradiction and so we assume that such a semisimple ip exists. 
Let c denote the nilpotency class of u and let 71 (u) = u and 7j+i(u) = [u, 7j(u)] denote 
the terms of the lower central series of u. Then, 7c(u) 7^ and 7c+i(u) = 0. 

We define the following subalgebras of u: 

Vi G {l,2,...,c} : Di = 7i(u)nD. 
Vi G {l,2,...,c} : Ui = t) + 7i(u). 
Then, we have Di = D and Ui = u. In this way, we obtain a filtration of u: 

C Oc C ■■■ C t)2 C Di C Uc C ■■■ C U2 C ui. 

Moreover, each term of this filtration is preserved by ip. Let Dc+i = and Uc+i = D = Di 
and denote by /» = dimDj/Oj+i and ki = dimUj/Uj+i for 1 < i < c. As v? is semisimple, 
we can choose a basis of the vector space u which consists of vectors 

Vij G (1 < i < c, 1 < j < /j) and Up^g E u {1 < p < c, 1 < q < h) 

where each of these vectors is an eigenvector for ip and 

Or = spanjVij \ r < i < c, 1 < j < h} for all r G {1, 2, . . . , c}, 

Ur = span{f/p q \r<p<c, l<q<ki} + \j for all r G {1, 2, . . . , c}. 

We use \ij G C to denote the eigenvalue corresponding to the eigenvector Vij. By 
the condition on (/?, we know that there is at least one pair {i,j), with Ajj 7^ 1. Also, 
v{Up.q) = Up,q, since (p induces the identity on u/o. Let 

?o = max{? G {1, 2, . . . , c} I 3j G {1, 2, . . . , Q : Xij 7^ 1} 

and fix a jo ^ {1;2, . . . 4} with AjqJq 7^ 1. As a shorthand, we will use Aq = AjqJq and 
Vo = ^io,jo- Note that the choice of io implies that (p is the identity on Oig+i. Because 
of the fact that V is not an ideal of u, we know that there exists a vector f/ G u with 
[U, Vq] 7^ 0. So, there must also exist a basis vector U (Vij or Up^q) with [U, Vq] 7^ 0. We 
distinguish two possibilities, each of which will lead to a contradiction. 

Case 1: There exists a vector Up^g with [f/p,g, Vq] 7^ 0. 

Let X = [Up^g, I/q], then (p{X) = [v?(f/p,g), V^(K))] = [f/p,g, AqK)] = XqX, hence X is a (non- 
zero) eigenvector for the eigenvalue Aq. If X ^ d, this contradicts the fact that ip induces 
the identity on u/d. Hence, we must have that X G D, but then X G ^i^+i, contradicting 
the fact that, by our choice of io, ip induces the identity on tij(,+i. 
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Case 2: There is no vector Up^q with [Up^q, Vq] 7^ 0, but [Vij, Vq] 7^ for some pair {i,j). 
Let ii = max{z G {1,2, ...,c} | 3j G {1,2, ...,/c} : [^j)H] 7^ 0} and choose a ji G 
{1, 2, . . . , /jj} with [^Ji,ji,Vo] 7^ 0. We use the abbreviation Vi = V^ui and Ai = Xi^j^. 
By the choice of ii, we know that [Oj^+i, Vq] = 0. We observe that AiAq = 1, otherwise, 
[^i)K)] ^ tijo+i would be a (non-zero) eigenvector for ip for the eigenvalue AqAi 7^ 1, 
contradicting the choice of io. So, we know that Ai = I/Aq 7^ 1. As [Vi, Vq] 7^ 0, there 
exists a basis vector X of u with [X, [Vi, Vq]] 7^ 0. By the Jacobi identity, we have that 

(2) [X, [V,,Vo]] = -[V,, [Vo,X]] - [Vo, [X, VI]] 

First suppose that X = Up^q for some values oi p and q. Since [Vq, f/p,g] = 0, this implies 
[Up,q, Vi] 7^ 0. As [Up^q, Vi] is an eigenvector of eigenvalue Ai 7^ 1, we must have that 
[[/p,g, Vi] G 0. Moreover, [t/p,g, V^i] G 7j-^+i(u) and hence [f^p,g, V^i] G Dji+i- But, by the 
choice of ii, this implies that [Vo, [f/p,g, Vi]] = 0. This shows that both terms on the 
righthand side of (|2]) are 0, implying that also [X, [Vi, Vq]] = 0, a contradiction. 

Therefore, we may assume that X = Vi^j^ for some pair {i2,J2)- We use the notation 
V2 = V,,j, and A2 = Xi,,j,. Note that </^[V^2,h, K)]] = Asi^^a, [Vi,Vo]]. Then [V^, [VuVo]] is 
a nonzero eigenvector associated to the eigenvalue A2. As [V2, [Vi, Vq]] G ^io+i, this implies 
that A2 = 1. 

Now, we look again at the righthand side of (|2]), for X = V2. As [V2, Vi] G Oj^+i, we 
immediately have that [Vq, [V2, Vi]] = 0, by the choice of ii. As (/^([Vo, V2]) = AoA2[Vo, V2] = 
Ao[Vo, V2] and [Vq, V2] G Oip+i, the choice of io forces [Vq, V2] = 0. Again, both terms of the 
righthand side of 02]) are 0, leading to the fact that [V2, [Vi, Vq]] = 0, a contradiction. D 

Lemma 2.12. Let f/ be a 1-connected nilpotent Lie group and let H < Aut(L'^) be a 
reductive subgroup. Assume that V <U is a. closed and connected subgroup of U which 
is invariant under the action of H. Suppose that the induced action of H on U/V is 
faithful. Then the corresponding action of H on the tangent space Tv{U/V) of U/V at 
eV is faithful. 

Remark 2.13. First of all, we remark that the requirement that H is reductive is neces- 
sary. Let U be the three-dimensional Heisenberg group 

(1 X z \ 
1 y \x,y,z e] 
ij 

and let V be the subgroup {[x, 0,0] | x G M}. It follows that we can identify U/V with 
M^ by the map 

^ : U/V -^ M^ : [x, y,z]V ^ {y, z). 
Now, for all t G M, 

(t)t:U ^U ■[x,y,z\^[x + ty, y,z + ty^/2] 
is an automorphism of U, with (f)t{V) = V. Each (pt induces on U/V a map 

^t:^^-^^^:iy,z)^iy,z + tyy2). 
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Note that the differential of 0f at (0, 0) is the identity map and that {0t | t G M} is a 
unipotent subgroup of Aut(f/) acting faithfully on U/V = M^. 

Proof of Lemma \2.1B. It is not difficult to see that when y is a normal subgroup of f/, 
then the proposition is trivial to prove. In fact, even more is true. Let us explain that we 
can discard the maximal normal subgroup N oi U which is contained in V. It is easy to 
see that A^ is a connected subgroup of U and that for every automorphism G Ant{U), 
with (j){V) = V, we also have that (j){N) = N. 

There is a natural identification of the spaces U/V and {U/N)/{V/N), under which 
the action of H on U/V can also be seen as an action of H on {U/N)/(y/N). It follows 
that by replacing V by V/N and U by U/N, we can assume that V does not contain any 
non-trivial normal subgroup of U. 

Let us now denote by u the Lie algebra of U and by D the Lie algebra of V, so is a 
subalgebra of u. Any automorphism G Aut(f/), induces an automorphism d(f) G Aut(u) 
and vice versa. Of course (f){V) = l^ if and only if d(f){v) = D. The fact that l^ is a 
subgroup of U which does not contain a non-trivial normal subgroup of U is equivalent 
to the fact that does not contain any non-zero ideal of u. This, in turn, is equivalent to 
the fact that i> fl Z{u) = 0. 

To be able to describe the action of H on U/V, we will fix a diffeomorphism of U/V 
with a finite dimensional real vector space, using a weak Mal'cev basis of the Lie algebra 
u of U. We suppose that u is c-step nilpotent and define the subalgebras Uj = 7i(u) + 
forming a descending sequence 

U = Ui 3 U2 ^ Us 3 ■ ■ • D Uc ^ D = Uc+l 

of subalgebras, which are invariant under the action of H. Moreover, for any i, Uj+i is an 
ideal in Uj, this will turn out to be crucial in what follows. 

As in the proof of the previous lemma, we use ki to denote the dimension of Uj/Uj+i 
and choose for each i elements Xj i,Xj2, • • • ,Xi,ki in ^i is such a way that the natural 
projections of these elements form a basis of Uj/Uj+i. Then each element u & U can be 
uniquely written under the form 

(3) exp(ti,iXi,i) exp(ti,2Xi,2) ■ ■ ■exp(ti,fciXi,fcJ exp(t2,iX2,i) ■ ■ ■exp(tc,A:,Xc,fcJ exp(F) 
where tjj G M and F G D. The map 

where the tjj are as in ([3]), is a diffeomorphism sending the point eV to the origin. 

Now, consider an automorphism cf) & H. Assume that there exists an i G {1,2, . . . c} 
such that (p (or rather dcj)) does not induce the identity on Uj/uj+i. This means that there 
are real numbers Op^^, 1 < p, g < fcj so that d(f){Xi^q) = J2p=i (^p,q^i,p and the ki x fcj-matrix 
A = (ttp^g) is not the identity matrix. Using the fact that Uj+i is an ideal in Uj, we find 
that 

if (exp(ti_iXi,i) exp(ti,2A:i,2) ■ ■ ■ exp{ti^k,Xi^k,)) = 
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0-(O,O,. 
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(0,0,.., 


. ,0, ) ]ai 


,q'^i,q: / J ^2,q^i,qi ■ 


• • , 2^ «fe„g^i, 


95 *5 


*,... 


,*)• 



It follows that the differential of this map at the origin is non-trivial. Thus, if we can 
show that for any (p & H there exists an i G {1, 2, . . . , c} such that does not induce the 
identity on Uj/uj+i we are done. Therefore, we consider the morphism 

(4) ip : H ^ GL(ui/u2) X GL(u2/u3) x ■ ■ ■ x GL(uc/Uc+i) 

mapping any in i7 to the c-tuple of maps it induces on the consecutive quotients. 
Suppose, by a way of contradiction, that K = Ker('0) is non-trivial. Then, as if is a 
reductive group, so is K. Since K is non-trivial, there must exist an element G -ft" which 
is not unipotent. It follows that also d(j) is not a unipotent element. However, the fact 
that (j) (z K implies that dcj) acts trivially on each of the factors Uj/uj+i, implying that dcj) 
induces a unipotent map on u/o. On the other hand, since d(f) is not a unipotent element, 
this also implies that d(p\x, is not unipotent. But, now Lemma [2. Ill tells us that dip is not 
unipotent on u/o, which is a contradiction. It follows that K is trivial and this finishes 
the proof. D 

In the next lemma, we derive the "eigenvalue one criteria" on the induced representation 
of the reductive subgroup of the given algebraic group which will be essential in our 
subsequent arguments. 

Lemma 2.14. Let F be a Zariski dense subgroup of an algebraic group G. Suppose G 
acts algebraically on an algebraic manifold X such that there exists Xq G X fixed by 
the action of a maximal reductive subgroup H of G. Let p : H ^ GL{TrcgX) be the 
representation corresponding to the action of H on the tangent space T^^X at Xq. If T 
acts freely on X, then p{h) has an eigenvalue equal to one for every h E H. 

Proof. The fact that H acts algebraically on X implies that p is a morphism of algebraic 
groups. Let tp : G ^ H denote the projection of G onto H. Next, we will show that for 
each 7 G r, p o iplj) has an eigenvalue equal to one. Since ip{T) is Zariski dense in H, 
this will give us the desired result. 

For this purpose, we let 7 = 7s 7^ be the Jordan decomposition of a nontrivial element 
7 G F, where 7^ is semisimple and ju is unipotent. There exists u E U such that 
wysU'^ = ho E H. We let 7^ be the one-parameter subgroup of 7^ and define a curve 
in G by j(t) = 7u7s, t E M.. Since F acts freely, the curve 7(t) does not fix the point 
xi = u~^xo of X. Analogously to the representation p, we can construct a representation 
P : u~^Hu — )■ GL(Tj;^X). By identifying the tangent spaces with an isomorphism, it 
follows that p and /3 are conjugate by du : T^^X — t- T^^X. Since 7^ fixes xi, it also 
fixes the curve 7(t)xi pointwise. It follows that /3(7s) has an eigenvalue equal to one. 
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Since ho = ipi^js), we also have that p o ipils) has an eigenvalue equal to one. But 
po?/)(7) = poilj{^s)poip{^u) and poip preserves Jordan decomposition (see 4.4(c) of [llj). 
Hence, po%lj{pf) has an eigenvalue equal to one. D 

We end this section by a lemma on special real representations of semisimple groups. 
For its proof, we refer to Lemma 5 of [32j . 

Lemma 2.15. Suppose S* is a nontrivial connected semisimple Lie group with real rank 
at most one. Denote by Xs the symmetric space of 5*. Let p : S ^ GL„(]R) be a faithful 
representation of 5* such that for every s & S, p{s) has an eigenvalue equal to one. Then 
n > dim(X5'). 

3. Main Theorem and Applications 
We are now ready to prove our main result. 

Theorem 3.1. Let F be a subgroup of an algebraic group G. Let G = UH where U is the 
unipotent radical and if is a maximal reductive subgroup. Suppose G acts algebraically 
on a contractible algebraic manifold X such that there exists Xq & X with Hxq = Xq. 
Suppose F acts crystallographically on X. 

(a) If G has semisimple rank at most one, then F is virtually polycyclic. 

(b) If F is a virtually polycyclic, Zariski dense subgroup of G, then X is G-equivariantly 
isomorphic to U with the G-action given by 

wh ■ u = whuh~^, Vm, w e U,\/h e H. 

Proof. We first prove (a). Since F is a finitely generated linear group, in view of Selberg's 
lemma, we can assume that it is torsion-free. Also, without loss of generality, we can 
assume that G is connected and F is Zariski dense in G. Let R be the solvable radical of 
G and let S* be a Levi factor (maximal semisimple subgroup) of H. We set Fi = F fl i? 
and denote by Gi the algebraic closure of Fi in G. Also, let G = G/Gi, F = F/Fi, and 
X = X/Gi. 

By lemmas \2 . 71 and \2M Fi acts crystallographically on GiXq and F acts crystallographi- 
cally on X. Since F is finitely generated linear group, we can assume that it is torsion-free 
and hence acts freely on X. Let L be the kernel of the action of G on X. Then L is a nor- 
mal algebraic subgroup containing Gi. We define G' = G/L and its subgroup F' = TL/L. 
Since F acts freely on A, F flL = F flGi and thus F' = F. Therefore, it is enough to show 
that F' is virtually polycyclic. 

Observe that F', G' and X satisfy the hypothesis of the theorem in place of F, G and A, 
respectively. Therefore, proceeding by induction on the dimension of G, we can assume 
that L is trivial. 

Next, let us consider the tangent space Tx^X of A at xq and the action of S on T^^X. 
We denote by p : S -^ GLiT^gX) the representation corresponding to this action. Since 
S acts faithfully on A. 12.9( b) together with 12.121 show that p is a faithful representation. 
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Since F intersects trivially with the solvable radical of G, by Lemma I2.10[ F acts prop- 
erly discontinuously on the symmetric space Xq/r- This implies cd(F) < dim^Xc/R) < 
dim(X5) because G/R is a quotient of S. Also, since F acts crystallographically on X, 
cd(F) = dim(X). Hence, we have dim(p) = dim.{TxgX) = dim(X) = cd(F) < dim(X5). 

On the other hand, by Lemma 12.141 it follows that for every s & S, p{s) has an 
eigenvalue equal to one. But, according to Lemma [2.151 this is only possible when S is 
trivial. We deduce that F is virtually polycyclic. 

If F is a virtually polycyclic, Zariski dense subgroup of G, then the identity component 
of G is solvable. Assertion (b) now follows directly from lemmas |2 . 71 and [2 . 9 [ D 

Remark 3.2. Assuming the hypothesis of part (b) of the theorem, let us consider the 
resulting action of the group G. Note that the conjugation action gives rise to a rep- 
resentation (f) : H ^ Aut{U). Let H' be its image and denote by G' the semidirect 
product U X H'. Then there is an epimorphism of algebraic groups ip : G ^ G' given 
by uh I— i- u(f){h) for each u & U and h & H . Now, the action of G on X factors through 
G' and has kernel equal to ker((/)). Because F is a crystallographic subgroup of G and 
X = U, its image under ?/; is a NIL-affine crystallographic subgroup of G' and F fl ker(0) 
is finite. This shows that the action of F on X is NIL-affine crystallographic. 

As we mentioned earlier, every virtually polycyclic group admits a NIL-affine crystallo- 
graphic action. This was proven independently by Dekimpe in [17] and Baues in |7j. We 
present yet another proof here. 

Theorem 3.3. Let F be a virtually polycyclic group. Then it admits a NIL-affine crys- 
tallographic action. 

Proof. It is well-known that any virtually polycyclic group is linear. Therefore, we can 
assume F is a Zariski dense subgroup of an algebraic group G. Since F is virtually solvable, 
G° is a solvable normal subgroup of G. Let Gi = [G^, G^] and Fi = F flGi. Then Gi is a 
normal unipotent subgroup of G and Fi is Zariski dense in Gi and hence it is a cocompact 
lattice. Let A = F/Fi. Then A is a virtually abelian group. We denote by E(n) the image 
of the standard embedding of the group of isometrics of M" into GL„+i(M). By a theorem 
of Zassenhaus [35] , we know that A admits an Euclidean crystallographic action on some 
M", i.e. there exists a representation p : A — )■ E(n) with finite kernel such that p(A) 
is crystallographic. Let G = G x E{n) and note that we can embed F into G by the 
homomorphism 7 1— ;■ (7,p([7])), V7 G F. We identify F with its image in G. 

Let U be the unipotent radical of G. Next, we construct a transitive action of G on 
X = ?7 X M" by 

g ■ {u, y) = {whuh~^, x + ay) \fg = {wh, (x, a)) G G, V(m, y) G X. 

This is clearly an algebraic action and it is not difficult to see that a maximal reductive 
subgroup of G fixes a point. We claim that the restriction of the action to F is properly 
discontinuous. 
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Suppose this is not the case. Then there exists a compact subset K = Ki x K2 in X, 
where Ki C U and K2 C M" such that the intersection of the sets 

^ ={7 G r I ^Ki nKiy^ 0}, 
^ ={7 e r I [-f]K2 n K2 ^ 0} 

is infinite. Now, since A acts properly discontinuously on M", this imphes that there is 
an element 70 G F, for which 

^={7G^njr| [7] = [70]} 

is infinite. Hence, also the set 

{7o"SGri|7o"Si^in7o"'i^i^0}, 

containing 'j^^J^, is infinite. This is a contradiction to the fact that Fi is a discrete 
subgroup of U. 

Next, let F be the algebraic closure of F in G and denote by H' a maximal reductive 
subgroup of F. Then H' is a reductive subgroup of G and hence it is contained in a 
maximal reductive subgroup H of G. Let Xq be a point fixed by H and consider the orbit 
Y at xo of the action of F on X. It is clearly a contractible algebraic submanifold of X. 
Since F is solvable and F = F xq, by Lemma [2. 6[ it follows that F acts crystallograph- 
ically on Y. Therefore, Theorem 13.11 and Remark 13.21 show that F admits a NIL-affine 
crystallographic action on the unipotent radical of F which is isomorphic to Y. D 

Now, we apply Theorem 13.11 in the case where the ambient space X is the 1-connected 
nilpotent Lie group N and the algebraic group is the group affine motions of N. Recently, 
Abels, Margulis, and Soifer have shown that Auslander's conjecture holds up to dimension 
six (see [1]). Building on this result, we prove that the generalized Auslander conjecture 
for NIL-affine actions also holds up to dimension six. But first, we need a lemma. 

Lemma 3.4. Let X be a 1-connected nilpotent Lie group and suppose H is a maximal 
reductive subgroup of affine transformations Aff(A^). Then, there exists xo & N such that 
Hxq = Xq. 

Proof. Let U be the unipotent radical of Aff(A^). Consider the natural epimorphism of 
algebraic groups tt : AS{N) — )■ Aut(A^). Since ker(7r) = N is unipotent, tt\h : H — )■ 
Aut(A^) is injective. As any two maximal reductive subgroups are conjugate, we can 
assume H < Aut(A^). Hence, He = e finishing the claim. D 

The lemma together with Theorem 13.11 give us the following. 

Theorem 3.5. Let F be a NIL-affine crystallographic group of a 1-connected nilpotent 
Lie group N. If the semisimple rank of the algebraic closure of F does not exceed one, 
then F is virtually polycyclic and N is isomorphic to the unipotent radical of the algebraic 
closure of F. 



CRYSTALLOGRAPHIC ACTIONS ON ALGEBRAIC MANIFOLDS 



17 



Theorem 3.6. Suppose F is a NIL-affine crystallographic group of a 1-connected nilpotent 
Lie group N of dimension at most six. Then F is virtually polycyclic and A^ is isomorphic 
to the unipotent radical of the algebraic closure of F. 

Proof. In [13], this result has been proven when dim(A^) < 5. In the abelian case, A^ = M^, 
Auslander's conjecture has been settled (see [1]). Also, if A^ is 2-step nilpotent, then by 
Proposition 3 of [TB], F admits an affine crystallographic action on MP. So, by the abelian 
case, we can again conclude that F is virtually polycyclic. 

Now, we observe that in dimension six, there are 33 non-isomorphic, non-abelian, nilpo- 
tent real Lie algebras (see [2lj, [28]). For 30 of them, the Lie algebra n corresponding to 
A^ is either 2-step nilpotent or has solvable derivation algebra Der(n). When Der(n) is 
solvable, since it is the Lie algebra of Aut(n), it directly follows that Aff(A^) is virtually 
solvable. Therefore, in these 30 cases, we can deduce that F is virtually polycyclic. 

Using Theorem 13. 5[ we will show that in the remaining three cases, F is also virtually 
polycyclic. (To describe the three cases, we use the notation of [28]). 

Case 1: 96,12: [X,,X2] = X,, [X^,X,] = X,, [X,,X,] = X,. 

By writing the elements of the Lie algebra as column vectors using basis {Xg, . . . ,Xi}, 
we find 







' 


/ all32 otx£2 A4 


-^3 -^2 -^1 \ 


■V 




Aut(06,12) = < 


V 


cn/32 £4 £3 £2 £\ 
(94 ^3 9i 
74 73 7i 
/32 /3i 
\0 000 ai/ 


\ < GL6(M), 


94£3 - dsEi 7463 - 7364 / n ^ f^t 

where di = , 71 = , ai/32 t 0, and ^47; 

Let (fi : Aut(06,i2) — ^ GL6(R) be the morphism defined by 


J - ^374 = al/32. 




/ alf32 01162 A4 A3 A2 Ai \ 
' ail32 £4 £-i £2 £1 

^4 ^3 9i 




/ a\li2 
ai/32 



\ 


^4 (93 






74 73 7i 

/32 /3i 

\0 000 ai/ 







V 


74 73 
/32 
ai / 




The kernel of ipi is unipotent. We note that lra{ipi) = GL2(M) x M* x M* and hence has 
semisimple rank one. Therefore, by Theorem |3.ft[ F is virtually polycychc. 


Case 2: 05,4 © K: [X^,X2] = X3, [X,,Xs] = X,, [X2,X3] = J 


^5- 





By writing the elements as column vectors using basis {X^,X4^,X3,Xq,X2,Xi}, we find 
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Aut(0 



5,4 



/ /32X 


I3ix 


^3 


Be 


£2 


£i 


a2X 


aix 


^3 


d. 


d2 


di 








X 





72 


7i 











As 


A2 


Ai 














/32 


Pi 
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ai 



) <GL6 
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where £3 = /3i72 — /327i5 d^ = ^172 — ^271, \ 7^ 0, and a; = /32«i — /3i«2 7^ 0. Just as in 
the previous case, there exists an epimorphism of Aut(g5^4 © M) onto GL2(]R) x M* and 
the kernel is unipotent. Thus, F is virtually polycyclic. 

Case 3: 94,1 @M=^: [Xi,X2] = X3, [Xi,X^] = X4. 

By writing the elements as column vectors using basis {X4^, X^, Xq, X^, X2, Xi} , we have 



Aut(0 



l4,l 



/ al/32 


«l72 


^6 


^5 


d2 


d,^ 





ai/32 








72 


7i 








Ae 


A5 


A2 


Ai 








^6 


£5 


£2 


ei 














h 


Pi 


V 














di ) 



> <GLf 



onto 

D 



where q;i/32 7^ and Ae^s — As^e 7^ 0. There exists an epimorphism of Aut(04,i ©R^ 
GL2(M) X M* X M* with unipotent kernel. It follows that F is virtually polycyclic. 

We end our discussion by showing that groups which act properly discontinuously on a 
contractible algebraic manifold of dimension at most three such that a maximal reductive 
subgroup of the algebraic closure G fixes a point are virtually polycyclic in all cases except 
when G acts by Lorentz transformations. 

Theorem 3.7. Let F be a finitely generated Zariski dense subgroup of a connected alge- 
braic group G. Let if be a maximal reductive subgroup of G. Suppose G acts algebraically 
on a contractible algebraic manifold X such that there exists xq E X with Hxq = xq- 
Suppose F acts properly discontinuously on X. 

(a) If dim(X) = 2, then F is virtually polycyclic. 

(b) If dim(X) = 3 and F is not virtually polycyclic, then F is virtually free, X is G- 
equivariantly isomorphic to M^, where G acts by Lorentz transformations on R^. 

Proof. Let Fi = F fl i? and Gi be the algebraic closure of Fi in R. Denote F = F/Fi and 
let S* be a Levi factor of H. By Selberg's lemma, we can assume that both F and F are 
torsion- free. 

Now, let us consider the orbit space Gxq. It is an algebraic submanifold of X that 
is G-equivariantly isomorphic to the quotient of the unipotent radical of G by a closed 
connected subgroup. We denote this submanifold by Y and define Y = Y/Gi. Note 
that when F acts cocompactly, then Y = X and Y = X. Proceeding as in the proof of 
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Theorem 13. 11 it follows that the action of S on the tangent space T^^Y of Y a.t xq = GiXq 
is faithful. Then, the representation p : S "^^ GL{TxqY) is faithful. 

To prove (a), observe that SL2(M) is the only nontrivial connected semisimple subgroup 
of GL2(M). But, SL2(M) does not satisfy the assertion of Lemma [2. 141 Therefore, S must 
be trivial. 

For part (b), we again observe that the groups S0(3), S0°(2, 1), SL2(]R) x {1}, and 
SL3(M) are the only nontrivial connected semisimple subgroups of GL3(]R). The case 
S = SL3(R) is impossible by Lemma [2.141 Suppose that 5* = S0(3). Then F is trivial, 
because it is a discrete subgroup of a compact group. So, F is virtually polycyclic. 

Next, let us assume S = SL2(]R) x {1}. It follows that dim(y) = 3, otherwise the 
representation p : 5 ■— )■ GLiT^gY) would violate the eigenvalue one criteria of 12.141 We 
deduce that Y = Y = X = X and F = F. It follows that G acts transitively on X and X 
is G-equivariantly isomorphic to the quotient of the unipotent radical U hj a. closed and 
connected subgroup V (see l2.9p . Next, we proceed as in the proof of 12.121 

First, we can assume that V does not contain a nontrivial normal subgroup of U. We 
denote by u the Lie algebra of U and by D the subalgebra corresponding to V. We suppose 
that u is c-step nilpotent and define the subalgebras Uj = 7i(u) + forming a descending 
sequence 

U = Ui 3 U2 ^ U3 3 ■ ■ • 3 Uc ^ = Uc+i 

of subalgebras, which are invariant under the action of H. In addition, for each i, Uj+i is 
an ideal in Uj. We obtain the following faithful representation of H (see dl])) 

ijj : H ^ GL(ui/u2) X GL(u2/u3) x ■ ■ ■ x GL(uc/Uc+i). 

We distinguish three possible cases. Either Uc = u and GL(Uc/Uc+i) = GL3(]R) or Uc 7^ u 
and ^ : i7 ^ M* X GL2(M) or u^ ^ u and ?/' : i7 ^ GL2(M) x M*. 

In the first case, F admits an affine action on M?. So, by applying Theorem 2.1 of [2T], 
we conclude that it is virtually polycyclic. 

In the second case, there is an if -invariant proper ideal to of u such that u/tn = M and 
tn/o = M?. Since if) is faithful and satisfies the eigenvalue one criteria, it is not difficult 
to see that H acts trivially on u/tn. Let W be the normal unipotent subgroup of U 
corresponding to tn. Consider the map : F — ?► U /W = M given by 7 1— ?■ [7x][a;~^] where 
X G U/V and [ ] : f/ — t- U/W is the quotient homomorphism. We claim that this map 
is independent of the choice of x and hence it is a homomorphism. Indeed, since G acts 
transitively on U/V, it acts as in (1). Because H acts trivially on U/W, it follows that 
for 7 = uh, u E U, h E H, we have [7a;] [x""'"] = [uhxh~^][x~^] = [u][x][x~^] = [u]. Now, it 
is routine to check that is a homomorphism. The kernel of is the subgroup of F that 
leaves invariant the submanifold W/V = M^. Thus, by part (a), it is virtually polycyclic 
and so, F is virtually polycyclic. 

In the third and final case, there is an iJ-invariant proper ideal ro of u such that 
u/ro = M^ and ro/o = M. It follows that H acts trivially on ro/ti. By identifying the 
tangent space T^^X = u/o with M^, the representation p : S ^-^ GL(u/o) takes the form 
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Now, we may identify T with a subgroup oi p{S). Let us suppose that it is not solvable. 
By Lemma 2.10 of [2IJ, there are elements 71 and 72 in F such that their images 71 and 
72 in SL2(M) are hyperbolic and share no common eigenspace in u/lt>. 

The action of T on U/V descends to the plane U/W. It follows that there is a unique 
point [ui] e U/W invariant under the action of 7^ for i = 1,2. This means that the 
curve li = UiW/V in U/V is invariant under action of 7^ where Mj G t/ is a preimage 
of [ui\. Next, we will argue that these curves coincide. To see this, first we choose a 
Riemannian metric on the quotient manifold X/T and endow X with the covering space 
metric. Let Aj = (7j) for i = 1,2 and consider the quotient map U/V — )• U/W = M^ 
which is F-equivariant. Let e > and denote by W^ the e-tubular neighborhood of li in 
U/V. Since the action of Aj on U/V leaves W^ invariant, the image of W^ in U/W is a 
Aj-equivariant neighborhood of the point [ui]. Since 7^ acts as an Anosov diffeomorphism 
of U/W fixing [ui], it is not difficult to see that any Aj-equivariant neighborhood of [ui] 
in U/W contains the Aj-invariant lines through [ui] on which 7^ acts respectively as a 
contracting and expanding map. Let us refer to these two lines as the coordinate axes of 
[ui\. It follows that the image of Wl in U/W contains the coordinate axes of [ui]. Let [uq] 
be an intersection point of the coordinate axes of [ui] and [^2]. We have just shown that 
both Wl and Wf contain the curve UqW/V. This implies that every point on uiW/V is 
arbitrarily close to U2W/V and hence the two curves must coincide. 

Now, the group generated by 71 and 72 acts properly discontinuously on the curve 
uiW/V and is therefore cyclic. This is a contradiction to the fact that 71 and 72 have no 
common eigenspace. 

Finally, we suppose S = S0°(2, 1). By Corollary 5.2 in [2] (see also 8.24 of [29]), F is 
a discrete subgroup of G/R which is locally isomorphic to S. Therefore, F is a discrete 
subgroup of isometrics of the hyperbolic plane H^ and thus cd(F) < 2. If Y /T is compact, 
then F acts crystallographically on Y and dim(y) < 2. So, by part (a), F is virtually 
polycyclic. If F is not virtually polycyclic, then dim(y) = 3. In this particular case, we 
will not assume that F is torsion-free. Passing to a quotient of F by a finite subgroup, 
we can assume that G acts faithfully on X. We deduce that Y = Y = X = X and F is 
a quotient of F by a finite subgroup. It follows that G acts transitively on X and X is 
G-equivariantly isomorphic to the quotient of f/ by a closed and connected subgroup V. 
We will argue that V^ is a normal subgroup of U such that U/V is abelian. As before, 
we can assume that V does not contain a nontrivial normal subgroup of U and construct 
a faithful representation ip of H. It is not difficult to see that, since S0°(2, 1) < H, the 
representation is only faithful when Uc = u and GL(uc/Uc+i) = GL3(R). This finishes our 
claim. 
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Since there are no connected proper subgroups of GL3(M) properly containing S0°(2, 1) 
such that all their elements have an eigenvalue equal to one, it follows that H = S0°(2, 1). 
Hence, G = U xi S0°(2, 1) and G acts on U/V = M^ by Lorentz transformations. 

Now, according to a theorem of Mess (see |26]), F cannot be a virtual fundamental 
group of a closed surface. This implies that vcd(r) = 1 an so, by Stalling's theorem, F 
is virtually free. Then, F is finite by virtually free and it is also virtually torsion-free. 
Therefore, F is virtually free. D 

Immediately from the theorem, we obtain the generalized Auslander conjecture up to 
dimension three. 

Corollary 3.8. Let G be an algebraic group acting algebraically on a contractible alge- 
braic manifold X of dimension at most three such that a maximal reductive subgroup of 
G fixes a point of X. If F acts crystallographically on X via a representation p : F — )■ G, 
then F virtually polycyclic. 
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